Abstract. We prove that given any smooth metric γ and smooth positive function H on S 2 , there is a constant λ > 0, depending on (γ, H), and an asymptotically flat solution (M, g, u) of the static vacuum Einstein equations on M = R 3 \ B 3 , such that the induced metric and mean curvature of (M, g, u) at ∂M are given by (γ, λH). This gives a partial resolution of a conjecture of Bartnik.
Introduction
The Bartnik conjecture [5] , [7] is a statement concerning the existence and uniqueness of solutions to a geometrically and physically natural boundary value problem for the static Einstein equations in vacuum. In general relativity, it is important in connection with the concepts of mass and quasi-local mass of initial data sets (Cauchy surfaces). Mathematically, the conjecture concerns the unique global solvability of a very interesting but rather complicated elliptic boundary value problem for a system of PDE's on a 3-manifold M .
We first recall the statement of the conjecture. Let B 3 ⊂ R 3 be a 3-ball (not necessarily round) and let M be a 3-manifold (with boundary) diffeomorphic to R 3 \ B 3 . Thus ∂M is diffeomorphic to the 2-sphere S 2 . The free data for a static vacuum solution on M are a pair (g, u) consisting of a smooth asymptotically flat Riemannian metric g on M and a smooth positive (potential) function u : M → R + asymptotic to 1 at infinity. The static vacuum Einstein equations on (g, u) are given by Given a solution (M, g, u) of the static vacuum Einstein equations, let γ be the Riemannian metric induced on S 2 ≃ ∂M and let H be the mean curvature of ∂M ⊂ (M, g), (with respect to the inward unit normal into M ). View the pair (γ, H) as boundary data of the static vacuum solution (M, g, u) and suppose the data (g, u) are C ∞ smooth up to ∂M . The boundary data thus takes values in the space M et ∞ (S 2 ) × C ∞ (S 2 ) of smooth metrics and smooth functions on S 2 . Observe that the potential u on ∂M is not part of the boundary data. Let C ∞ + (S 2 ) be the space of positive C ∞ functions H : S 2 → R + .
The Bartnik conjecture then states that arbitrary boundary data (γ, H) ∈ M et ∞ (S 2 ) × C ∞ + (S 2 ) are realized uniquely (up to diffeomorphism) by an asymptotically flat solution (M, g, u) of the static vacuum Einstein equations (1.1) on M , smooth up to ∂M . Thus, given an arbitrary smooth metric γ on S 2 and an arbitrary positive smooth function H on S 2 , there exists a smooth asymptotically flat solution (M, g, u) of the static vacuum Einstein equations for which the induced metric and mean curvature at ∂M are given by (γ, H). Further, the solution is unique, up to a smooth diffeomorphism fixing ∂M .
In this paper, we obtain a partial resolution of the existence part of the Bartnik conjecture. One version of the main result is the following. Theorem 1.1. Given any smooth boundary data (γ,
, there is a constant λ > 0, depending on (γ, H), and an asymptotically flat static vacuum solution (M, g, u), smooth up to ∂M , such that the induced metric and mean curvature of (M, g, u) at ∂M are given by (γ, λH).
Thus, up to a single (multiplicative) scalar degree of indeterminacy on the mean curvature, arbitrary smooth data (γ, H) are realized as the boundary metric and mean curvature of a smooth asymptotically flat static vacuum solution (M, g, u). In particular, the boundary metric γ on S 2 may be arbitrarily specified. Clearly (by rescaling g) one may instead shift the indeterminacy to a scaling of the boundary metric, (so that given (γ, H), there is a constant λ > 0 such that (λγ, H) are realized as boundary data of an asymptotically flat static vacuum solution).
The idea of considering rescalings λH of the mean curvature appears in earlier work of Jauregui [11] , (cf. also [12] ), in connection with filling in prescribed boundary data (γ, λH) on S 2 with a metric of non-negative scalar curvature on a 3-ball B 3 with boundary S 2 . Similarly, it appears in the context of filling in such boundary data by static vacuum solutions (the "interior Bartnik problem") in [2] .
In the interior context, such a rescaling of H is necessary; for a typical R + -orbit (γ, λH), λ ∈ R + , only for at most finitely many λ are the data (γ, λH) realized as boundary data of interior static vacuum solutions. In fact, the space of interior (strictly) static vacuum solutions is generically transverse to the R + -orbits of H, cf. [2] .
Such a restriction is not necessary in the current "exterior" context. There are simple examples where for a given data (γ, H), all H-rescalings (γ, λH) are also realized as boundary data of static vacuum solutions. The simplest instance of this is the curve of Schwarzschild metrics, given as
on the space-like hypersurface M ≃ R 3 \ B where r ≥ 1 > 0 and r > 2m. Assume m < 1 2 . Then the boundary ∂M may be taken at the locus r = 1 and the metric on {r = 1} is fixed,
A simple computation shows that at the boundary ∂M = {r = 1},
so that H is a constant depending only on m. As m varies over the interval (−∞,
It is worthwhile to place the Bartnik conjecture and Theorem 1.1 in a more geometric setting. To do this, let E m,α be the space of all asymptotically flat (AF) solutions (g, u) of the static vacuum equations (1.1), which are C m,α+ on M up to ∂M . Here C m,α+ is the usual "little" Hölder space of functions, i.e. the closure of the space of C ∞ smooth functions on M with respect to the C m,α Hölder norm. It is well-known, cf. [15] for instance, that C m,α+ is a closed separable subspace of the Hölder space C m,α (which itself is not separable). We assume throughout the paper that m ≥ 3 and α ∈ (0, 1). As above, we also assume u → 1 at infinity in M . The topology on E m,α is the standard weighted C m,α Hölder topology used for AF manifolds, cf. [3] for instance.
Let Diff m+1,α 1 (M ) be the group of C m+1,α+ diffeomorphisms ψ : M → M with ψ = id on ∂M . The group Diff m+1,α 1 (M ) acts freely on E m,α fixing the boundary data (γ, H), (since an isometry of (M, g) fixing ∂M pointwise is necessarily the identity). The quotient space E m,α is the moduli space of static vacuum solutions; an element in E m,α represents an equivalence class of isometric metrics.
Next, as above abusing notation slightly, let M et m,α (S 2 ) be the space of C m,α+ metrics on S 2 ≃ ∂M and C m−1,α (S 2 ) be the space of C m−1,α+ functions on S 2 . One thus has a natural map, mapping a static vacuum solution to its Bartnik boundary data:
It is proved in [1] , [3] that the space E m,α is a smooth (infinite dimensional) Banach manifold, and the map Π B is C ∞ smooth and Fredholm, of Fredholm index 0.
1 This means that the derivative or linearization DΠ B , at any solution (M, g, u) ∈ E m,α , has finite dimensional kernel KerDΠ B and finite dimensional cokernel CokerDΠ B , dimKerDΠ B < ∞ and dimCokerDΠ B < ∞, and the range of DΠ B is closed. Further the Fredholm index, given by the difference of these terms, satisfies
This result implies that the boundary map Π B is at least locally reasonably well-behaved, as a map of Banach manifolds.
be the open submanifold of E m,α for which the mean curvature H on ∂M is positive,
The Bartnik conjecture above may thus be rephrased as stating that the smooth map Π B , restricted to the open submanifold E m,α
is surjective and injective. (Here we generalize slightly from m = ∞ to general m ≥ 3). If one adds the condition that the linearization DΠ B is an isomorphism everywhere (i.e. KerDΠ B = 0 everywhere) it follows from the inverse function theorem in Banach manifolds that Π B is conjecturally a smooth global diffeomorphism. However, it is proved in [3] that this most optimistic version of the conjecture does not hold; Π B in (1.6) cannot be a diffeomorphism. For example, consider the "trivial" static solution R 3 with u = 1 and g = g Eucl . It is easy to construct a curve of embedded positive mean curvature 2-spheres F t : S 2 → R 3 , t ∈ (0, 1] such that as t → 0, the boundary data converge to a limit in the target space,
is only an immersed but not an embedded 2-sphere. It follows that the exterior or unbounded components of R 3 \F t (S 2 ) define static vacuum solutions (M t , (g Eucl ) t , 1) for which the boundary data Π B (M t , (g Eucl ) t , 1) converge to a limit in M et m,α (S 2 ) × C m−1,α + (S 2 ), but although the limit (M 0 , (g Eucl ) 0 , 1) makes sense, it is not a static vacuum solution on a smooth manifold with boundary. The structure of a manifold-with-boundary degenerates, with uniform control on the boundary data (γ, H). This means that the inverse map (Π B ) −1 (assuming it exists) cannot be continuous everywhere.
The same construction can be carried out in any background (exterior) static vacuum solution (M, g, u) (in place of (R 3 , g Eucl , 1)) so that this phenomenon is ubiquitous.
To understand Theorem 1.1 in this context, define an equivalence relation on C
(S 2 )/ ∼ be the space of equivalence classes; this is the quotient of C m−1,α + (S 2 ) by the R + -action given by multiplication by a positive scalar. Since the action is smooth and free, the space C m−1,α + (S 2 ) is also a smooth Banach manifold, and so one has an induced smooth map
The map Π is a smooth Fredholm map, of Fredholm index 1, i.e.
(1.9) dimKerDΠ − dimCokerDΠ = 1.
Theorem 1.1 then follows from the following slightly more general statement.
The proof of Theorems 1.1 and 1.2 follow in Section 2 below. The proof builds on the prior work of the author in [3] which will be used quite often here. In particular, we refer to [3] for a more detailed presentation of certain definitions. Section 3 contains a discussion of related work and lists several open problems suggested by Theorem 1.2.
I am most grateful to the referee and to Piotr Chruściel for very useful comments leading to a substantial improvement of the original version of this paper.
Proofs.
Given the results of [3] , the primary difficulty in understanding the validity of the Bartnik conjecture is the degeneration of the manifold-with-boundary structure under control of the boundary data (γ, H) discussed in the Introduction.
Given a static vacuum solution (M, g, u) ∈ E m,α , let N be the unit inward normal of ∂M in M and let inj ∂M denote the injectivity radius of the normal exponential map from ∂M into (M, g, u) . The normal exponential map exp N : N (∂M ) → M maps vectors in the normal bundle of ∂M into M and inj ∂M is the largest value such that exp N is a diffeomorphism when restricted to normal vectors aN with a < inj ∂M .
The behavior described in the paragraph following (1.6) is characterized by the fact that there are curves (or sequences) of static vacuum solutions (M, g t , u t ) (with uniformly bounded curvature and derivatives of curvature for instance) such that
. Equivalently, there are a pair of curves
Motivated by the work in [3] , we will use a somewhat stronger notion than the injectivity radius. Let S(t) = {x ∈ M : dist(x, ∂M ) = t} be the geodesic t-sphere about ∂M and B(t) = {x ∈ M : dist(x, ∂M ) < t} the associated open geodesic ball about ∂M . For t < inj ∂M , S(t) is a C m+1,α smooth hypersurface, diffeomorphic to ∂M , with ∂B(t) = S(t) ∪ ∂M . (For t > inj ∂M , S(t) is no longer in general smooth).
Define the outer-minimizing radius of ∂M in (M, g, u) ∈ E m,α + by (2.1)
where Σ is any smooth surface in B(ρ) homologous to ∂M , Σ = ∂M . Thus O ∂M is the largest radius such that ∂M is outer-minimizing in B(O ∂M ), i.e. ∂M has least area among all surfaces Σ ⊂ B(O ∂M ) homologous to ∂M . Recall that the concept of outer-minimizing boundary plays an important role in [3] . By definition, H > 0 on ∂M for (M, g, u) ∈ E m,α + . Hence, there is an ε > 0 (depending on (M, g, u)) such that H(s) > 0 for all s < ε, where H(s) is the mean curvature of S(s). Thus, B(ε) has a foliation by surfaces of positive mean curvature. Since H > 0 corresponds to infinitesimal area expansion, it is easy to see (and well-known) that ∂M is outer-minimizing in B(ε), so that 
The following result from [3] shows that there is no degeneration in E m,α + with uniform control on the boundary data (γ, H) and a uniform lower bound on O ∂M . The basic idea in the proof of Theorem 1.2 is to build into the boundary data (γ, H) a term controlling the behavior of O ∂M . We do this by modifying the boundary map Π B by a suitable term related to O ∂M . Of course this is no longer a "boundary map" in the strict sense, but as will be seen, it is sufficient to prove Theorem 1.2.
We first note the following:
is lower semi-continuous.
converging to a limit (M, g, u). Assume that
(since otherwise there is nothing to prove). In each closed ballB
Since the convergence to the limit (M, g, u) is sufficiently smooth (i.e. C m,α ), there exists a limit
It follows that lim inf O ∂M (g i ) ≥ O ∂M , which proves lower semi-continuity.
Let V m,α ⊂ E m,α + be the set of static vacuum solutions (M, g, u) such that ∂M is outer-minimizing in all of M , i.e.
+ . This follows from the fact that the solutions (M, g, u) are asymptotically flat, (and the convergence in E m,α preserves this structure). Namely, surfaces Σ ⊂ M \ B(R) homologous to ∂M have very large area (for R sufficiently large) so that for all such surfaces
The reciprocal function (2.2)
). Now the space E m,α is a smooth separable Banach manifold locally modeled on the little Hölder spaces C m,α+ and has smooth partitions of unity, cf. [10] , [8] and references therein. In particular E m,α is a perfectly normal topological space and by a classical theorem of Baire, any upper semicontinuous function on E m,α + is then the pointwise limit of a decreasing sequence of continuous functions; see for instance [14] for the definition and discussion of such results. Thus let
be a continuous approximation to
Moreover, via smooth local partitions of unity, one may convolve I ∂M with a smooth local mollifier to obtain a C ∞ smooth approximation I ∂M to I ∂M which satisfies (2.3)
We choose the approximation and smoothing above so that 
is thus also continuous. Analogous to the above, let minH be a smooth approximation to min H. The ratio
is thus smooth. Given this background, consider now the map
Thus we are altering the boundary map Π B by a scaling factor λ = (1 + 1 minH I ∂M ) on H. This choice of scaling factor is not unique or canonical any sense; it is a useful or convenient choice. While (γ, H) depend only on the boundary data, the term I ∂M approximating 1 O ∂M depends on the global geometry of (M, g, u) ∈ E m,α .
Observe that
where I ∂M = 0, i.e. on the domain V m,α defined in (2.4). As noted above, the standard exterior {r ≥ R} regions of the Schwarzschild metric are in V m,α . Note also that the family of maps
interpolates continuously between Π B and Π as δ ranges over the interval [0, 1].
Proposition 2.3. The map Π is a smooth Fredholm map of Banach spaces, of Fredholm index 0.
Proof:
The map Π is a smooth map between Banach manifolds, by construction. To prove it is Fredholm, recall from the Introduction that the boundary map Π B is smooth and Fredholm, (as proved in [1] , [3] ). The derivatives of Π and Π B are closely related. One has
Here h T is the restriction of the metric variation h of g to ∂M , whle H ′ h is the induced variation of the mean curvature. The first term in (2.8), denoted D 1 , differs from DΠ B by a single fixed scale factor (1 + Exactly the same argument shows that the interpolating maps Π δ are also smooth and Fredholm. It is well-known that the Fredholm index (cf. (1.5)) is deformation invariant, so that the Fredholm index of D Π is independent of the point (M, g, u) ∈ E m,α at which the linearization is taken, in any component of E m,α + . Similarly, the Fredholm index of DΠ δ (at any base point) is independent of δ. Since the Fredholm index of DΠ B is zero (everywhere) it follows that the index of D Π is also zero everywhere.
The key to obtaining global information from a Fredholm map is to prove that the map is proper. Recall that a continuous map F : X → Y is called proper if, for any compact set K ⊂ Y , the inverse image F −1 (Y ) is compact in X. In the context of the map Π, this amounts to showing that control of the boundary data (γ, H) (i.e. data in a compact set of the target space) implies control of corresponding solutions (M, g, u) realizing such boundary data.
The examples of boundary degeneration discussed following (1.6) show that Π B is not proper.
Theorem 2.4. The map Π is proper.
in the C m,α and C m−1,α topologies respectively. We need to prove that a subsequence of (M i , g i , u i ) converges to a limit in E + . This corresponds to (1.9) , that the Fredholm index of Π in (1.8) is one. Let (M t , g t , u t ) denote any one such curve. The induced boundary data are (γ, H t ) with H t = λ t H, for some fixed function H, so that λ t ∈ R + depends smoothly on t.
Question: Is λ t surjective onto R + ? This is the question of whether Π B in (1.4) is surjective onto the R + orbits of H; it is surjective onto the orbit space by Theorem 1.2. If this is the case (which would be surprising in the author's opinion) then of course the Bartnik boundary map Π B is essentially surjective; it has at least open and dense range. However, as discussed in the Introduction, one does not expect Π B to be injective or have a well-behaved inverse. Consider for example the curve of metrics (M t , (g Eucl ) t , 1) in R 3 where ∂M t converges to an immersed sphere of positive mean curvature in R 3 as t → 0. The limit configuration (M 0 , (g Eucl ) 0 , 1) makes sense, and has a well-defined boundary value
is not a solution in the space E m,α + . On the other hand, Theorem 1.2 implies there is a λ > 0 such that (γ 0 , λH 0 ) is realized as boundary data of a solution (M, g, u) ∈ E m,α + . Next, an immediate consequence of Theorem 1.2 is that any C m,α+ metric γ on S 2 may be extended to a smooth asymptotically flat metric of zero scalar curvature on M , with mean curvature H > 0 on ∂M prescribed up to a multiplicative constant. Modulo the scalar indeterminacy on H, this extends previous work of Shi-Tam [16] who showed that boundary data (γ, H) can be extended to scalar-flat asymptotically flat metrics provided the Gauss curvature K γ > 0. The work of ShiTam is based on the method of Bartnik [6] on constructing asymptotically flat metrics of prescribed (non-negative) scalar curvature with given boundary data (γ, H).
Finally we discuss issues related to the mass of solutions in E m,α + . Let m denote the ADM mass of a static vacuum solution (M, g, u). As is well-known, m is given as a Komar-type integral (mass),
In particular, the mass m : E m,α + → R is a smooth function on E m,α + . Clearly the space E m,α + contains solutions with both positive and negative mass (e.g. the Schwarzschild curve). Thus H 0 = {m = 0} is a hypersurface in E m,α + ; it seems likely that H 0 is a smooth hypersurface, but this remains to be proved.
Let (M t , g t , u t ) be a smooth curve component of Π −1 (γ, [H]) as in (3.1), so that m t is a smooth function of t.
Question: Is λ t a function of m t or vice versa? Is λ t monotone in m t ? Note this is the case for the curve of Schwarzschild metrics g m described following (1.3); here λ t takes all values in (0, ∞) and is monotone decreasing as a function of m t ∈ (−∞, A result of Jauregui [11] shows that, given such data (γ, H) on S 2 , and assuming K γ > 0, there is a maximal value λ 0 < ∞ (depending on (γ, H)) such that (γ, λH) has an in-filling 3-ball B 3 with a metric of non-negative scalar curvature for all λ < λ 0 , but no such in-filling exists for λ > λ 0 . See also [12] for a refinement of this result.
It would be interesting to know if such a criterion holds for the mass, e.g. whether m ≥ 0 if any only if λ ≤ λ 0 , for some λ 0 . This is true on the Schwarzschild curve, where m ≥ 0 if and only if H ≤ 2 for γ = γ S 2 (1) .
